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Abstract. We introduce coG2-vector fields, coRochesterian 2-forms and coRoches- 
terian vector fields on manifolds with a coclosed G2-structure as a continuation 
of work from [15) . and we show that the spaces X co q 2 of coG2-vector fields 
and XcoRoc of coRochesterian vector fields are Lie subalgebras of the Lie al- 
gebra of vector fields with the standard Lie bracket. We also define a bracket 
operation on the space of coRochesterian 2-forms ^^ oRoc associated to the 
space of coRochesterian vector fields and prove, despite the lack of a Jacobi 
identity, a relationship between this bracket and so-called coG^-morphisms. 



Introduction 

This paper is a natural continuation of the papers [1 51 116] wherein we consid- 
ered 7-manifolds with (closed) G2-structures. This is part of a program to better 
understand the exceptional geometries by viewing them as analogues of symplec- 
tic geometry; moreover, this philosophy can be viewed as a continuation of the 
works of Brown, Fernandez and Gray [221 |6l [HI [19l [2U [2D] where symplectic, G2 
and Spin{7) geometries all come from the study of cross products on manifolds. 
In particular, [20] proves that there exist 16 subclasses of G2-structures includ- 
ing closed G2-structures, coclosed G2-structures as well as G2-structures which 
are both closed and coclosed. In our previous article, we considered analogues of 
Hamiltonian and symplectic vector fields on manifolds with closed G2-structure 
which we called Rochesterian and G2-vector fields respectively; the current article 
is concerned with developing these ideas in the case of a coclosed G2-structure. 
Note that the fundamental 3-form ip is coclosed if and only if the associated 4-form 
kip is closed. Here -kip is the 4-form which is Hodge-dual to ip with respect to the 
Hodge star operator associated to the metric defined by ip. This is in contrast to 
the symplectic case where the fundamental 2-form being closed is equivalent to it 
being coclosed. 

The main purpose of this paper is to define coG^-vector fields, coRochesterian 
2-forms and coRochesterian vector fields for coclosed G2-structures and prove the 
following results: 

Theorem. Every coRochesterian vector field on a manifold M with coclosed G%- 
structure ip is a coG2-vector field. If every closed form in Ctf(M) is exact, then the 
spaces X co ft oc (M) and X C0 q 2 {M) coincide. 

Corollary. // H 3 (M) — {0}, then every coG^-vector field on a manifold with 
coclosed G2~structure is a coRochesterian vector field. 

We next show that the spaces of C0G2- and coRochesterian vector fields admit 
the structure of Lie algebras with Lie bracket induced from the standard Lie bracket 
structure on the space of all vector fields and prove the following result on inclusions: 
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Proposition. For any coG2-vector fields X\, X2, [Xi^X^] is a coRochesterian 
vector field with associated coRochesterian 2-form given by *tp(X2,Xi, •, •). 

Finally, we equip the space of coRochesterian 2-forms with a bracket structure 
analogous to that of the Poisson bracket from symplectic geometry, show that it 
does not satisfy the Jacobi identity, show that there is a linear transformation <3> of 
the vector spaces of coRochesterian 2-forms and coRochesterian vector fields and 
prove the following result regarding these structures: 

Theorem. (1) Given two coRochesterian 2-forms o~\,o~i 6 0^ OC (M), {<7i, a^} £ 
ker $ if and only if do~i is constant along the flow lines of X a2 if and only 
if do~2 is constant along the flow lines of X ai . 
(2) Let ip : (M\,ipi) — > (M2,<f2) be a diffeomorphism. Then ip is a C0G2- 
morphism if and only iftp*({a, r}) = ip* T } for all ct,t £ Q 2 co r oc (M2) ■ 

1. G 2 Geometry 

If we consider coordinates (x±, . . . , X7) on R 7 , we can define a 3-form <po by 
<p = dx 123 + dx 145 + da; 167 + da; 246 - dx 257 - dx 347 - dx 356 . 
From this 3-form, we get an induced metric and orientation by the formula 

(Xjipo) A (Yjipo) A ip = 6 < X, Y > VQ dvol VQ 

for vector fields X,Y £ X(R 7 ). Then, using this metric, we can define a 2-fold 
vector cross product of X and Y as the unique vector field X x Y satisfying < 
XxY,Z >ip = <po(X, Y, Z) for all Z 6 A"(R 7 ). This metric then gives the associated 
Hodge star from which we get the dual of ipo given by the 4-form 

= dx 4567 + dx 2367 + dx 2345 + dx 1357 - dx 1346 - dx 1256 - dx 1247 . 

Here, we have started with the 3-form and have shown how to define the other 
structures in terms of it; a fundamental fact of G2 -geometry however is that given 
any one of ipo, *<po, x or <, >, we can always define the other structures. References 
for this information and an equivalent formulation of these structures arising from 
the octonions include [6j HB [22j Ell E3 [26] . 

Definition 1.1. A manifold M is said to have a G2-structure if there is a 3-form 
ip such that {T p M, ip) = (R 7 , <po) as vector spaces for every point p G M. This is 
equivalent to a reduction of the tangent frame bundle from GL(7, R) to the Lie 
group G 2 ■ 

Remark. We will make frequent use of the fact that d*^ = if and only if d*tp = 0. 
Also, because of the inclusion G2 in SO(7), all manifolds with G2-structure are 
necessarily orientable; further, it can be shown that all manifolds with G2-structure 
are spin, and any 7-manifold with spin structure admits a G2-structure. 

A natural geometric requirement is that (p be constant with respect to the Levi- 
Civita connection of the G2-metric g v defined by tp. In this case, the holonomy of 
(M, ip) is a subgroup of G2, and (M, ip) is called a G2-manifold. The condition that 
V(p = is equivalent to d^ = and d*^ = where d* is the adjoint operator to 
the exterior derivative with respect to the Hodge star associated to the G2-metric 
g v . Fernandez and Gray [20] show that G2-manifolds are just 1 of 16 types of 
G2-structures on manifolds. Two of these classes include natural weakenings of 
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the G2-manifold requirements to manifolds with closed G2-structures, dip = 0, and 
manifolds with coclosed G2-structures, d*ip = 0. 

In |15j . we defined a G2-morphism to be a diffeomorphism T : (M\,tp\) — > 
(M2,(f2) of manifolds with G2-structures such that T*(ip2) = tp±. Because d com- 
mutes with pullback maps, we get for free that dipi = if and only if dip2 = 0. 

Definition 1.2. Let W : (Mi, ipi) — > (-^2,(^2) be a diffeomorphism such that 
^*(-k2 i P2) — *i^i- Then VP is called a coG2-morphism. Again, since d commutes 
with pullback maps, we have d *i ipi = if and only if d *2 <p2 = 0. 

Let (Mi,ipi) and (JVfaiVa) be two 7-dimensional manifolds with G2-structures. 
Let Mi x M2 be the standard Cartesian product of Mi and M2 with canonical 
projection maps tti : Mi x M 2 —> Mi. Define a 4-form -kip = n*(-ki(pi) + tv£(*2<P2)- 
If both *iipi and *2<P2 are closed, then this form is also closed; in fact, for any 
ai,tt2 G R, clitv*(*i<Pi) + a2TT2(stvt) defines a (closed) 4-form on Mi x M2. Taking 
ai — 1 and 02 = — 1, we have the (closed) 4-form kip = 7r*(-*i^2i) — ^(t^^)- 

Theorem 1.3. A diffeomorphism "J : (Mi, ipf) —> (Ma, ^2) * s 0, coG2-morphism if 
and only £/*<p|r* = 0, w/iere I> := {(p, *(p)) G Mi x M 2 : p G Mi}. 

Proof. The submanifold L* is the embedded image of Mi in Mi x M2 with embed- 
ding given by § : Mi ->• Mi x M 2 #(p) = (p, *(p)). Then ^Ir* = if and only 
if 

= **(*^) = ^*wl(stvo) - **7r;(*2^ 2 ) 

= (7TiO*)*(* l(< 9i)-(7r20<f)*(*2^2) = (^Mi )*(*lVl) ~** (*2^) = *l<Pl - ** (*2<^2 ) ■ 

□ 

2. CoG 2 Vector Fields, CoRochesterian 2-Forms and CoRochesterian 

Vector Fields 

Let M be a 7-manifold with a G2-structure. Recall that there is an action of 
the Lie group G2 on the algebra of differential forms on M from which we obtain 
decompositions of each space of k- forms on M into irreducible G2-representations. 
In particular, we can decompose the space of 3-forms into the direct sum of a one- 
dimensional representation, a seven-dimensional representation and a 27-dimensional 
representation, denoted from here on by fiy and O27 respectively; it is well 
known that = {Xj * ip : X G X(M)} where X(M) is the space of vector fields 
on M (see for example [IB H3 [26l EH] ) ■ 

Definition 2.1. Let (M,ip) be a manifold with coclosed G2-structure. 

(1) We define a CoRochesterian 2- form a to be any 2-form on M such that da G 
fi|(M). We denote the set of CoRochesterian 2-forms on M by £1 2 co r oc (M) . 

(2) For a CoRochesterian 2-form a, the vector field X a satisfying X,jjkip = da- 
will be called a CoRochesterian vector field, and the set of CoRochesterian 
vector fields on M will be denoted by X coRoc (M). 

(3) A vector field X is called a coG 2 -vector field if Cx(*<fi) — 0. X co g 2 (M) 
will denote the set of all coG2-vector fields. 

That X CO G 2 , ^coRoc an( i X co r oc are vector spaces follows immediately from the 
linearity properties of d and the interior product. We have the standard fact that 
X is a coG2-vector field if and only if d(Vj * ip) — since d * ip = implies that 
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Cx{*<p) = d(X_i *</?)+ Xjd k ip = d(Xj k ip). Here, as in the case of closed Gi- 
structures, the map -kip : X(M) — »■ f2 3 (M) given by -kip(X) — X_i k ip cannot be an 
isomorphism; however, by the nondegeneracy condition on the 4-form kip, we do 
have that kip is injective, so for a given coRochesterian 2-form a, the associated 
coRochesterian vector field X„ is unique. 

Theorem 2.2. Every coRochesterian vector field on a manifold M with coclosed 
G2- structure ip is a coG2-vector field. If every closed form in Q%(M) is exact, then 
the spaces X co r oc (M) and X co g 2 (M) coincide. 

Proof. The first statement follows immediately from the definitions. Next, for a 
coG2-vector field X, X_i k (p £ f2 3 (M) is closed, so, by assumption, there exists a 
2-form a with Xj ★ ip — da. □ 



Corollary 2.3. If H 3 (M) = {0}, then every coG2-vector field on a manifold with 
coclosed G2- structure is a coRochesterian vector field. 

Proposition 2.4. For any C0G2 -vector fields X%, X2, there exists a 2-form a such 
that [Xi, -X*2]j k ip = da. 

Proof. 

[X 1 ,X 2 ]j*<p = C Xl (X 2 jkip) - X 2 j(£ Xl (*tp)) 

=0 

= C Xl (X 2 ^ *tp) = d(Xi j! 2 j * <ys) + Xi j(d(X 2 j k ip)) 

=0 

= d(M^2,x 1 ,-)) 

Thus, [Xi,X2] is a coRochesterian vector field with an associated 2-form given by 

kp(X 2 ,X 1 ,;-). □ 



Thus, we have the following inclusions of Lie algebras: 

{X coRoc {M), [-,■}) C (* coG2 (M), [.,.]) C ( X (M ),[-,.]). 

For a coRochesterian 2-form a, the assignment a <— > X a where X a is the unique 
associated coRochesterian vector field is linear. We now equip ^coRoc(^) with a 
bracket as follows: for a,r £ f2^ ofloc (M), define {a, r} = kip(X a ,X Tl - 7 -). Then 
{a, t} £ QcoRoc(M) with coRochesterian vector field given by [X T ,X a ] since 

d({a, T })=d(MXa,X T ,-,-)) = [X T ,X a ]j*ip. 

Remark. This bracket is again a specific case of the semibracket defined in [4] for 
the general multisymplectic setting, and a proof of the following result in this more 
general setting can be found in [U Proposition 3.7]. 

Proposition 2.5. For any a,r,v £ £l 2 coRoc (M), 

{a, {r, v}} + {r, {v, a}} + {v, {a, r}} = d(X a ^X T ^dv) 
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Proof. Let ct,t,v £ ^coRoc(^) with associated Rochesterian vector fields X„, X T 
and X v respectively. Then we have the following: 

{a, {t, v}} + {t, {v, a}} + {v, {a, r}} = {a, {r, v}} - {r, {a, v}} - {{a, r}, v} 

— X a jX{ TjV y_l -kip - I T jIj ff t ,)j -kip — X^ tT yjX v _i ★ </? 

= X CT jd{r,w} - X T jd{CT,w} + [X CT ,X r ]jdw 
= -X r CT jd(X t; jX T j * <p) - X r jd(X v _iX a j -k ip) + [Xa, X T ]jdv 
= —X a jd(X T jX v j* ip) + X T jd(X a jX v j-k ip) + [X a , X T ]jdv 
= -X a jd(X T jdv) + X T jd{X a jdv) + [X a ,X T ]jdv 
= -X^d(X T jdv) + X T Ad{X a ^dv) + CxAXr^dv) - X T 4C XtT dv) 
= -X a jd(X T jdv) + X T jd(X a jdv) + X a jd(X T jdv) 
+ d(X a jX T jdv) -X T j(X a jddv) -X T jd(X a jdv) 
=0 

= X a jd(X T jdv) - X a jd(X T jdv) + X T jd(X a jdv) - X T jd(X a jdv) + d(X CT jX T jdw) 
= d(X a jX T jdv) 

□ 

While we do not have a Lie algebra structure on i}^ oRoc (M), we do, as noted 
above, still have a linear transformation $ : QcoRoc(M) — > X co r oc (M). Assume that 
$(ct) = X a = 0, then = X a _i * ip = dcr which implies that a is a closed 2-form. 
Hence, coRochesterian vector fields are uniquely defined by their coRochesterian 
2-forms, up to the addition of a closed 2-form. 

Theorem 2.6. (1) Given two coRochesterian 2-forms 0-1,0-2 £ ^coRoc(M), 
{ci,<J2} £ ker$ if and only if dci is constant along the flow lines of X a2 
if and only if d&2 is constant along the flow lines of X ai . 
(2) Let ip : (Mi, ipi) — > (^2^2) be a diffeomorphism. Then ip is a C0G2- 
morphism if and only if ip* ({a, t}) = {ip*a,ip*T} for all ct,t £ £l 2 coRoc (M2) ■ 

Proof. (1) We show only the first equivalence since the second equivalence fol- 
lows similarly. From the definition of the bracket, we have 

{0-1,0-2} =*ip(X ai ,X a2 ,-,-) = X a2 _i(X ai _i-ktp) 
= X a2 jd(7i = Cx„ 2 o-i - d(X rT2 _ia 1 ). 
From this, we see that d{<7i, 02} = dLx„ 2 o-\ — £x„ 2 (d<7i). Then {o\, a 2 } £ 
ker3> if and only if £x„ 2 (dci) = 0. 
(2) First, assume that ip is a coGVmorphism, and note that for p £ Mi, we 
have the maps 

dip p : T p Mx T Mp) M 2 

r P ■■ t; {p) m 2 -> t;mi 

d^J, } = (d^)' 1 : T^ (p) M 2 -> T p Mi 

Since ip is a coG2-morphism, V*(*2 < P2) = *i<Pi and (ip^ 1 )* (*i<£i) = *2<fi2, 
so by definition, for p £ Mi , we then get the following equivalent equations 

(*m) P (-, -,-,•) = ^((*2¥>2)^(p))(-, -,-,•) = {-k2<P2)^(p)(dip p ;dip p ;dip p ;dip p -) 
(*2^ 2 )^( P) (•,-,•,-) = Wv£,))*((*iVi)p)(-, •'•'•) = (*iVi)p( d ^J,)-.d^J,)-.d^J,)-,d^J,)- 
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Thus, we calculate for a coRocliesterian 2-form o £ Q co r oc (M2) and vector 
fields Y,Z, Won M u 

(X^* a _i *i ^i) p (Tp, Z p , W p ) = d(-0V)p(F p , Z p , Wp) 
= V , p(do- v , ( p))(Fp,Zp, W p ) 
= ip*((X a j* 2 ip 2 )ip(p))(Y p , Z P ,W P ) 

= ^p((*2¥'2)v>(p)((^)^(p), ■))(*!» Z P> Wp) 

= (*2 <^2 ) ( P ) ( (Xa ) (p) , d ipp Yp , dip p Zp , dV"p Wp ) 

= (*i<pi) P (d^) (X CT ) v , ( p ) , d^) (d^pFp), d^ ( p) (dippZ p ), dip~{ p) (dV'pVFp)) 
= (★ 1 ^i)p(d^ ( 1 p) (X CT )^, ( p ) ,yp, Zp, Wp) 

that is, (X^» CT )p = d^( 1 p ) (X .)^(p). Hence we find that 

(r{<y,r})p(Yp,Z p ) = (V>*(*2V2(X CT ,X r ,.)))p(Fp,Zp) 

= ^p((*2<£2)v>(p)((^)v>(j>)' P^r)</>(p), ■))(*!>! Z p) 

= {*2tp2)ip(p){{X a )ip(p) , (X T )^,(p) , d?/>pYp, dippZp) 

( d VV( P ) (^)v(p) . d ^(p) (^r)v(p) , d^ ( p) (dip P Y p ), d^ ( p) {dip p Z p 

= (*l<Pl)p{{X.ij,*cr)p,(X^,* T )p,Yp,Zp) 

= (*i<Pi)p((X<ij* a )p, (X^^p, ■, -)(Y P , Zp) = {tp*a,ip*T} p (Y p ,Zp) 

Conversely, assume that ip*({a, r}) = {ip*cr, ip*r} for all a, r G fi^ oi j oc (M 2 ). 
Then, for any er, r E ^co_Roc(-^2) we have 

ll>*({a,T})=1>*(*2<p 2 (X a ,X T ,;-))=1>*(X T _ l X a J*2 <f 2 ) = ^ (X T _jda) 

= ip*{da{X T , ■, •)) = d<r(X T , dtp-, dip-) = dcr(d^(d^- 1 X T ), d^-, dip-) 
= (V'*d<r)(dV'" 1 X T , •, •) = (dtP^X T )4iP*d<T) 

and 

{ip*a, ip*r} = *\ipi{X$. a ,Xq* T , -, •) = X$* T jd(ip*a) = X^» T j(ip*da) 

which, by our hypothesis, yields that dip~ 1 X T = X^* r for any r G ^coRoc(^)- 
Then for any a G tt 2 coRoc (M 2 ), any vector fields Y,Z,W G X{M{) and 
V G Mi, 

(X^, ctJ *! pi) p (y p , Zp, Wp) = d(V>V)p(Fp, Zp, Wp) = (V>*d<T)p(Fp, Z p , W p ) 

= ipp{X a j * 2 ^ 2 ) P (y p , Zp, VKp) 
= (*2V ? 2)^(p) ((X CT ) l/ , ( p) , d?/>pYp, d-0pZp, dip p W p ) 
= (*2^2)^(p)(d-0p(dV'^ ( :L p ) (X ( T)^(p)),dV'pyp,d?/'pZp,dV'pWp) 
= (ip* (^^^(dip^iX^^^p, Z p ,Wp) 
= (ip* (*2^2))4,(p)((X i] , <J )p, Y p , Z p , W p ) 

Thus X^* (7 _i-k 1 ipx — X^* a _iip*{-k 2 ip 2 ) which implies that *i<£i = ip*(* 2 ^p 2 ) 
as desired. 

□ 
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